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Estimates for Harmonic Maps and their Applications
(Sh\^oichir\^o Takakuwa)
\S 1. Definitions and Examples of Harmonic Maps
$\Omega$ $R$“ $\Omega$ compact Riemann $M$ $0\infty$ $u$ :
$\Omegaarrow M$ Nash $M$ Euclid $R^{d}$




$e(u)$ $u$ j $e(u)$ $M$
$E(u)= \frac{1}{2}\int_{\Omega}e(u)(x)dx$ ,
$u$ $u E(u)$ $\Omega$ $M$ $c\infty$
$C^{\infty}(\Omega, M)$
1.1. $c\infty$ $u$ $E$ critical point
$u$ harmonic map
$u$ $E$ critical point $t=0\in R$ $c\infty$
l-parameter family $\{u_{t}\}\subset C^{\infty}(\Omega, M)$ $u0=u,$ $\Omega$ compact
$u_{t}=u$
$\frac{d}{dt}E(u_{t})|_{t=0}=0$ ,
$E$ critical point $E$ Euler-Lagrange






$(HM)$ $x\in\Omega$ $\Delta u(x)$
$M$ harmonic map
1.2. $M=R$ harmonic map $u$ : $\Omegaarrow R$ (HM)
‘ Laplace $\Delta u=0$
13. $\Omega$ $I(\subset R)$ (HM) $M$
harmonic map $u$ : $Iarrow M$ constant speed
1.4. $\Omega$ $R^{2}$ $M$ 2 $S^{2}(\subseteq R^{3})$ (HM)
$\Delta u^{\alpha}+|du|^{2}u^{\alpha}=0$ , $\alpha=1,2,3$ ,
$R^{2}$ $C$ $S^{2}$ Riemann $\Omega$
$S^{2}$ harmonic map
Notations
$B(r)$ : $R^{n}$ $r$ open ball
$B(x,r)$ : $R^{n}$ $x$ $r$ open ball
$\omega_{n}$ : $R^{n}$ $=2\pi^{n/2}/n\Gamma(n/2)$ .
$W^{1,p}=W^{1,p}(\Omega, R^{d})$ : $\Omega$ $R^{d}$ Sobolev space
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\S 2. A priori Estimates
‘ harmonic map a priori
2.1. (Bochner-Weitzenb\"ock [2 ], [11])
$u$ $\Omega$ $M$ harmonic map
(2.1) $\frac{1}{2}\Delta e(u)=|\nabla du|^{2}-\sum_{i,j=1}^{n}R_{M}(u_{*}(\frac{\partial}{\partial x_{i}}), u_{*}(\frac{\partial}{\partial x_{j}}),$ $u_{*}( \frac{\partial}{\partial x_{i}}),u_{*}(\frac{\partial}{\partial x_{j}}))$ ,
$R_{M}$ $M$ $u_{*}$ : $T\Omegaarrow TM$ $u$
2.2. $u$ $\Omega$ $M$ hamonic map




2.3. ([3 ], [11 ]) $M$ harmonic
map $u$ : $\Omegaarrow M$ open ball $B(r)\subset\Omega$
(2.4) $\sup_{B(r/2)}|du|^{2}\leq\frac{C}{r^{n}}\int_{B(r)}|du|^{2}dx$ ,
$C$ $n$
[ ] $M$ $\kappa_{M}\leq 0$ (2.2) $e(u)$ $\Omega$ subhar-








24. $\epsilon_{0}=\epsilon_{0}(n, M)>0$ :
harmonic map $u$ : $B(r)arrow M$ $\int_{B(r)}|du|^{n}dx\leq\epsilon_{0}$
(2.5) $\sup_{B(r/2)}|du|\leq\frac{C}{r}(\int_{B(r)}|du|^{n}dx)^{1/n}$ ,
$C$ $n,$ $M$
[ ] $B(r)$ $r_{1}=3r/4$
$y\in B(r_{1}),$ $0<\sigma\leq r_{1}-|y|YC$
$\int_{B(y,\sigma)}|du|^{n}dx\leq\int_{B(r)}|du|^{n}dx$ ,
$\sigma_{0}\in[0,r_{1}),$ $x_{0}\in\overline{B(\sigma_{0})}$ \emptyset .
(2.6) $(r_{1}- \sigma_{0})^{2}\sup e(u)=0\max_{<\sigma\leq r_{1}}(r_{1}-\sigma)^{2}\sup e(u)-$ ,
$B(\sigma_{0})$ $B(\sigma)$
$e(u)(x_{0})= \sup e(u)$ .
$B(\sigma_{0})$
$e_{0}=e(u)(x_{0})$ , $\rho_{0}=\frac{1}{2}(r_{1}-\sigma_{0})$ , $r_{0}=\sqrt{e_{0}}\rho_{0}$ ,
$\sigma_{0},$ $x_{0}$
$\sup$ $e(u)\leq$ $\sup$ $e(u)\leq 4e_{0}$ .
$B(\approx 0\rho_{0})$ $B(\sigma_{0}+\rho 0)$
$c\infty$ $v:B(r_{0})arrow M$ $v(z)=u( \frac{z-x_{0}}{\sqrt{e_{0}}})$ ’
$\sup e(v)\leq 4$ , $e(v)(0)=1$ .
$B(r_{0})$
(2.3)
$\Delta|dv|\geq-4\kappa_{M}|dv|$ , in $B(r_{0})$ ,
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$r_{0}\geq 1$ de $Giorgi-Nash$-Moser
$1=|dv|^{n}(0) \leq C\int_{B(1)}|dv|^{n}dz=C\int_{B(x_{0},1/\sqrt{e_{0}})}|du|^{n}dx$ ,




$e_{0}^{n/2} \rho_{0}^{n}\leq C\int_{B(x_{0},\rho_{0})}|du|^{n}dx$ ,
$\rho_{0}^{2}e_{0}\leq C(\int_{B(x_{0},\rho_{0})}|du|^{n}dx)^{2/n}\leq C(\int_{B(r)}|du|^{n}dx)^{2/n}$ .
(2.6)
$\max_{0<\sigma\leq r_{1}}(r_{1}-\sigma)^{2}\sup_{B(\sigma)}|du|^{2}\leq C(\int_{B(r)}|du|^{n}dx)^{2/n}$ .
$\sigma=r/2$
$r^{2} \sup_{R(r/2)}|du|^{2}\leq C(\int_{B(r)}|du|^{n}dx)^{2/n}$ ,
( )
2.4.
(i) Schoen ([ 11 ]) Schoen harmonic map
monotonicity formula ( [9 ]) 2.4
(ii) $\Omega$ $n$ 3 2.4 de $Giorgi-Nash$-Moser iteration
method ([5 ]) ([ 13] )
-5-
58
\S 3. Obstruction for Estimates
$M$ $M$ harmonic map
2.4 apriori 24 $L^{n}$
2.4 local estimate global
2.4 $\epsilon_{0}$
3.1. ([15]) harmonic map $v$ : $R^{n}arrow M$
(3.1) $\int_{R^{n}}|dv|^{n}dx\leq\epsilon_{0}$ ,
$v$
3.2. $L^{p}$ class harmonic map $v$ Liouville
$dv\in L^{p}$ $(p<n )$ monotonicity formula
([9], [13])
3.3. $n\geq 3$ $\circ$ harmonic map $v$ : $R^{n}arrow M$
$\int_{R^{n}}|dv|^{p}dx<\infty$ , for some $2\leq p<n$ ,
$v$
$M$
$dv\in L^{P}$ $p=n$ critical
3.1
3.4. ([15]) $\epsilon_{0}$




35. $\Omega\subset R^{2},$ $M=S^{2}$ $\epsilon_{0}\leq 8\pi$
[ ] $v$ : $R^{2}arrow S^{2}$ harmonic map $R^{2}$
$C$ $v(z)=v(x,y)(z=x+iy\in C)$
([1] )
$v(z)= \pi(\frac{P(z)}{Q(z)})$ , $= \pi(\frac{P(\overline{z})}{Q(\overline{z})})$ ,
$P,$ $Q$ $\pi$ : $R^{2}arrow S^{2}\subset R^{3}$
$\pi(x,y)=(\frac{2x}{1+x^{2}+y^{2}},$ $\frac{2y}{1+x^{2}+y^{2}}1-\frac{2}{1+x^{2}+y^{2}})$ .
J
$E(v)= \frac{1}{2}\int_{R^{2}}|dv|^{2}dx=4\pi\max\{\deg P, \deg Q\}$ ,
$4\pi$ (3.2) $8\pi$
( )
3.4 $L^{n}$ $R$ “ $M$ non-constant harmonic
map 2.4 local estimate global obstruction
\mbox{\boldmath $\tau$} $R^{n}$ non-constant harmonic map
$M$ global estimate $M$
Liouville
3.6. $M$ harmonic map $v$ : $R^{\tau\iota}arrow M$
$\int_{R^{n}}|dv|^{p}dx<\infty$ , for some $p\geq 2$ .
$v$






4.1. ([7], [10], [13]) $\Omega$ $R^{n}$ $x_{0}$ $\Omega$ $u:\Omega-\{x_{0}\}arrow M$
harmonic map o $u$




[ ] (4.1) $R_{0}>0$
(20,R)|du|n $dx\leq\epsilon_{0},$ fOr any $R$ With $0<R\leq R_{0}$ ,
24 $0<|x-x_{0}|\leq R_{0}/2$
(4.2) $|x-x_{0}||du(x)| \leq(\int_{B(x_{0},2|x-x_{0}|)}|du|^{n}dx)^{1/n}=o(1)$ ,
[Tl, \S 4] $u$ $\Omega$ $M$
$u$ (HM)
$u$ $c\infty$ ( )
harmonic map
4.2. ([8]) $\Omega=B(0,1),$ $M=S^{n-1}\subset R^{n}$ $U$
$U$ : $\Omega-\{0\}arrow S^{n-}$ , byy $U(x)= \frac{x}{|x|}$ .
$U$ $0$ minimizing harmonic map
$\int_{\Omega-B(0,\epsilon)}|dU|^{n}dx=(n-1)^{n/2}n\omega_{n}\log\frac{1}{\epsilon}$ , for any $0<\epsilon<1$ ,
$U$ (4.1) $p<n$ $|dU|\in$




4.3. ([10], [14] ) $\{u_{j}\}$ Sobolev $W^{1,n}$ $\Omega$ $M$ harmonic
map $\{u_{k}\}$ , harmonic map $u$ : $\Omegaarrow M,$ $M$
$S=\{x_{1}, x_{2}, \cdots x_{p}\}$ ( ) (i), (ii)
(i) $\{u_{k}\}$ $M-S$ $c\infty$ $u$
(ii) $x_{i}\in S$ $\alpha_{i}(\geq\epsilon_{0}>0)$
$|du_{k}|^{n}dx arrow|du|^{n}dx+\sum_{1=1}^{p}\alpha_{i}S_{x:}$ , as $karrow\infty$ ,
$\delta_{x:}$ Dirac $7^{-}\sim_{Js\ovalbox{\tt\small REJECT}}$ $\Omega$ Radon
4.4. ([10], [14]) $S$ $x_{i}$ $\{a^{(i)}\}\subset\Omega,$ $\{r_{k}^{(i)}\}\subset R+$
$(i)\sim(iii)$
(i) $\lim_{karrow\infty}a_{k}^{(i)}=x_{i},\lim_{karrow\infty}r_{k}^{(i)}=0$ .
(ii) $v_{k}^{(i)}(x)=u_{k}(r_{k}^{(i)_{X}}+a_{k}^{(i)})$ $v_{k}^{(i)}$ $R^{n}$ $0\infty$
(iii) $v_{k}^{(i)}$ $v_{i}$ $v_{i}$ $R^{n}$ $M$ harnonic map
$0< \alpha_{i}=\int_{R^{n}}|dv_{i}|^{n}dx<\infty$ ,
4.3, 4.4 bubble theorem concentration compactness theorem
([1],
[6] ) $S$ Y $\{u_{k}\}$ $W^{1,n}$ $u$
43. $|du_{k}|^{n}dx$ $S$
44 $S$ $x_{i}$ $\{|du_{k}|^{n}dx\}$ $\dot{\overline{T}}^{J}\triangleright fi$





4.5. $\Omega$ $R^{2}$ $M$ 2 $S^{2}$ $R^{2}$ $C$




$u_{j}(z)=\pi(j(z-z_{1})(z-z_{2})\cdots(z-z_{p}))$ , for $z\in\Omega$ ,
$u_{j}$
$\Omega$ $S^{2}$ harmonic map $(i)\sim(iii)$
o
(i) $\{u_{j}\}$ $u(z)=\pi(\infty)=(0,0,1)$ $\Omega-\{z_{1}, \cdots z_{p}\}$ $c\infty$
(ii) $|du_{j}|^{2}dx arrow 8\pi\sum\delta_{z:}p$ as $jarrow\infty$ .
$i=1$
(iii) $v_{j}^{(i)}(z)=u_{j}((z/j)+z_{i})$ $\{v_{j}^{(i)}\}\ell f$ harmonic map $v_{i}(z)= \pi(\prod_{l\neq i}(z_{i}-z\iota)z)$
$R^{2}$ $c\infty$
4.3 $S$
46. ([14]) $M$ (L)
(L) harmonic map $v$ : $R”arrow M$ $\int_{R^{n}}|dv|^{n}dx<\infty$
$W^{1,n}$ harmonic map $\{u_{j}\}$ $\Omega$ $c\infty$ $\Omega$
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